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Vector Notation - 1

Multiplication: X f =Y vy =fx
Scalar("inner”) product: X [Y =xy,

Vectol ("outer") product: X xY=Z
Dyadic("tensot') product: XV =A a = XY,

Doubledot("inner") product: A:B= a;b;




Vector Notation - 2

Scalar product:

ALK =Y

Scalar product: AB=C

Kroneder product:

AL B=

yi - aik Xk
G = aﬁkbkj
F F =

1)

oo




Gradients and divergence

* The gradient of a scalar f is a vector:

grad f = 0f = ﬂi+ij+ik
ox o0y 0z

Similarly, the gradient of a vector is a second order tensor, and
the gradient of a second order tensor is a third order tensor.

* The divergence of a vector is a scalar:

divA = O.A = a'A&+6'Ay +0AZ
ox o0y 0z




Curl

* The curl (“rotation”) of a vector v(u,v,w) is another vector:

B _ _(aw ov ou ow v auj
curlv = rotv = xv = — - _

dy 0z 0z O0x 0x ady




Definitions - rectangular coordinates

f _of . afj+0fk
ax oy 0z
D.A:ap&+aAV+OAZ
oXx oy 0z
0 0
Gxa = [OA _A i+(0&_0Azjj+ A _0A
oy 0z 0z OX ox oy
2 2 2
sz:é)f+6f+af

x> oy° 0z

(2A = D?Ai +0%A j + 02Ak



|dentities

[(fg) = flg+ glf

OAB)=(BIO)A+(AI0)B+Bx(OxA)+Ax(LxB)
OI(fA) = (OF)[A+ f(LLA)
OI(AxB) = BI(xA)-A[(OxB)
Ox(fA) = (Of ) xA + f(OxA)

Ox(AxB) = (BIO)A —(A[0)B +(JIB)A - (O[A)B



|dentities

OxOxA = O(O[A) - 02A

(AD)B =

0B,
_A& 0X

GB

9B,
+ A 5

0B, i
0z
0B
e
B aB OB

z}k
i az

[Of dr = [ fda

+ A,

[(OxA)dr = -] Axda

whereSis thesurfacewhichboundsvolumer



Differentiation rules

@ = @(r)en Y = (r) are differentiable scalar functions
v=uv(r)en w=w(r) are differentiable vector finctions

grad p =Ve;divo=V-v;rotv =V xv

grad (¢ + ) = grad ¢ + grad ¢

div(v +w)
rot(v + w)
grad (oY)
div(gv)
rot(ouv)
div(v x w)
rot(v x w)
grad (v-w)
div grad ¢
Vl
rot grad ¢
div rotwv
rotrotv

=divo+divw

=rotv+rotw

= grad ¢ + ¢ grad Y

=v-grad ¢ + pdiv o

=grado x v+ @rotwv
=wrTotv—v-rotw
=(wVYo—wdivo—(v-V)w+ovdivw
=wx rotv+ (w-V)v+v xrotw + (v*V)w
=V (¢ = o(r)

= V-V =20; +0; + 0 (Laplace operator )
=0

=0 (U = I,?(l’] twice

= grad div v — V?v differentiable)



Integral theorems

Gaussdivergencetheorem  [[ Alds = [[[O[Adr

whereS is thesurfacewhichboundsvolumer

Stokesheorem  { Aldl = [[(OxA)lds
whereC is theclosedcurvewhichboundsthe
opensurfaces (i.e. Smaybea3 - D surface
but doesnot bounda volumeg
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Euclidian Norm

» Various definitions exist for the norm of vectors and matrices. The
most well known is the Euclidian norm.

* The Euclidian norm [|V|| of a vector V is:

V= 5V

« The Euclidian norm ||A|| of a matrix A is:

A= za

* Other norms are the spectral norm, which is the maximum of the
iIndividual elements, or the Holder norm, which is similar to the
Euclidian norm, but uses exponents p and 1/p instead of 2 and
1/2, with p a number larger or equal to 1.
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Matrices - Miscellaneous

 The determinant of a matrix A with elements a; and i=3 rows and =3
columns:

d; 4, a;
A=lay, @, a,
Ay 8y Gy

detA = a,8,,8,; + 8,,8,,8;; +a,,8,,8,, — 81,8,,8; ~ 8,8,,8,;; ~ 8;8,,8,,

» A diagonal matrix is a matrix where all elements are zero except a,,, a,,,
and a,,. For a tri-diagonal matrix also the diagonals above and below
the main diagonal are non-zero, while all other elements are zero.

* Triangular decomposition is expressing A as the product LU with L a
lower-triangular matrix (elements above diagonal are 0) and U an upper
triangular matrix.

 The transpose AT has elements a’;=a;. A matrix is symmetric if AT =A.

« A sparse matrix is a matrix where the vast majority of elements is zero
and only few elements are non-zero.
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Matrix invariants - 1

An invariant is a scalar property of a matrix that is independent of the coordinate
system in which the matrix is written.

The first invariant 1, of a matrix A is the trace tr A. This is simply the sum of the
diagonal components: |, =tr A =a,, + a,, + ag;

d; 9y
d, ay

A, Gy
Az a3

&p Ay
Ay g3

+ +

The second invariant is:

|2

The third invariant is the determinant of the matrix: |; = det A.

The three invariants are the simplest possible linear, quadratic, and cubic
combinations of the eigenvalues that do not depend on their ordering.
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Matrix invariants - 2

* Using the previous definitions we can form infinitely many other variants, e.g:

2= (&)
I12_2|2 = &8,

In CFD literature, one will sometimes encounter the following alternative
definitions of the second invariant (which are derived from the previous
definitions):
— For symmetric matrices:
l, = (L2)*[(tr A)2- tr A] = aj;8,, + @853 + 8338y,
or
I, = (1/6) * [ (ay4-855)* + (8y-833)* + (8g53-811)° | + @1° + @yt ay°

— The Euclidiannorm: 1, = |[A| = [} aF
]

14



Gauss-Seidel method

The Gauss-Seidel method is a numerical method to solve the
following set of linear equations:

A% T a,X, tagX; T.... tay Xy = Cl

a'Nl)<1_|-a'N2)(2 +a‘N3X3 T + a'NNXN :CN

We first make an initial guess for X;:

K=
A

The superscript 1 denotes the 1st iteration.
Next, using x,*: | C

K="t - % (@)
Ca, a,
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Gauss-Seidel method - continued

. - 1 0-
Next, using X, and X,":

C 1 1
X = —2 = (@, +a,%)
&y, @y e
 And continue, until:
v _ Gy 1 = 1
Xy = - 2. X

NN Ay L

- For all consecutive iterations we solve for x,2, using x,?* ...

2 I 2 1 1
and next for x,= using X,<, X3* ... X\, €tc.
* We repeat this process until convergence, i.e. until:

(X —x)<o

with ¢ a specified small value.

1
XN
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Gauss-Seidel method - continued

It is possible to improve the speed at which this system of
equations is solved by applying overrelaxation, or improve the
stability if the system does not converge by applying
underrelaxation.

Say at iteration k the value of x, equals xX. If applying the Gauss-
Seidel method, the value for iteration k+1 would be xX*, then,
instead of using xX*1, we consider this to be a predictor.

We then calculate a corrector as follows:

corrector=R(x"™ = x*)

Here R is the relaxation factor (R>0). If R<1 we use
underrelaxation and if R>1 we use overrelaxation.

Next we recalculate x**1as follows:

X"t = x+corrector
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Gauss elimination

« Consider the same set of algebraic equations shown in the
Gauss-Seidel discussion. Consider the matrix A:

a, @a, - &,
|
dy, dp, - ay

* The heart of the algorithm is the technique for eliminating all the
elements below the diagonal, i.e. to replace them with zeros, to

create an upper triangular matrix:
A, Qp, ot dy,

0 a, - a,

C
[




Gauss elimination - continued

» This is done by multiplying the first row by a,,/a,; and subtracting
it from the second row. Note that C, then becomes C,-C,a,,/a,;.

« The other elements a,, through a , are treated similarly. Now all
elements in the first column below a,, are 0.

* This process is then repeated for all columns.
e This process is called forward elimination.

* Once the upper diagonal matrix has been created, the last
equation only contains one variable x., which is readily calculated
as x,=C_/a..

» This value can then be substituted in equation n-1 to calculate X ,
and this process can be repeated to calculate all variables x;. This
IS called backsubstitution.

* The number of operations required for this method increases
proportional to n3. For large matrices this can be a
computationally expensive method. 19



Tridiagonal matrix algorithm (TDMA)

« TDMA is an algorithm similar to Gauss elimination for tridiagonal
matrices, i.e. matrices for which only the main diagonal and the
diagonals immediately above and below it are non-zero.

 This system can be written as:
Y 81X+ 8,% +8 % =C,

* Only one element needs to be replaced by a zero on each row to
create an upper diagonal matrix.

* When the algorithm reaches the ith row, only a;; and C; need to

be modified: -
a..a .. a . .
ai,i :a” S T B R B M R Ci :C- _ Y1

CEY CEY
» Backsubstitution is then used to calculate all x.

« The computational effort scales with n and this is an efficient
method to solve this set of equations.

20



Differential equations

Ordinary differential equation (ODE): an equation which, other than the
one independent variable x and the dependent variable y, also contains
derivatives from y to x. General form:

FOyy,y"...¥) =0
The order of the equation is determined by the order n of the highest
order derivative.

A partial differential equation (PDE) has two or more independent

variables. A PDE with two independent variables has the following form:

2 2 2
F[x, ,Z,azazaz 0%z 0%z .):O

ox oy ox> oxoy oy’

with z=z(X,y) The order is again determined by the order of the highest
order partial derivative in the equation. Methods such as “Laplace
transformations” or “variable separation” can sometimes be used to
express PDEs as sets of ODEs. These will not be discussed here.

21



Classification of partial differential equations

* A general partial differential equation in coordinates x and y:

2 2 2
aa—qf+ba ¢ +ca—f+da¢+ea¢+ fp+g=0
0X oxoy oy ox oy

Characterization depends on the roots of the higher order (here
second order) terms:

— (b%-4ac) > 0 then the equation is called hyperbolic.

— (b%-4ac) = 0 then the equation is called parabolic.

— (b%-4ac) < 0 then the equation is called elliptic.

Note: if a, b, and c themselves depend on x and y, the equations

may be of different type, depending on the location in x-y space.
In that case the equations are of mixed type.

22



Origin of the terms

* The origin of the terms “elliptic,” “parabolic,” or “hyperbolic used
to label these equations is simply a direct analogy with the case
for conic sections.

* The general equation for a conic section from analytic geometry
IS:

ax® +bxy+cy’ +dx+ey+ f =0

where if
— (b%-4ac) > 0 the conic is a hyperbola.
— (b%-4ac) = 0 the conic is a parabola.
— (b%-4ac) < 0 the conic is an ellipse.

23



Numerical integration methods

* Ordinary differential equation:

WU =1 o) ott) =

« Here fis a known function. @0 is the initial point. The basic
problem is how to calculate the solution a short time At after the
Initial point at time t,=t,+ At. This process can then be repeated to

calculate the solution at t,, etc.

» The simplest method is to calculate the solution at t, by adding
f(ty, PO) At to PO. This is called the explicit or forward Euler

method, generally expressed as:
¢t,g) = ¢ = ¢"+ f(t,¢")At

24



Numerical integration methods

* Another method is the trapezoid rule which forms the basis of a

popular method to solve differential equations called the Crank-
Nicolson method:

AR R I DR { (IR Ay 1Y

» Methods using points between t, and t ., are called Runge-Kutta
methods, which come in various forms. The simplest one is
second-order Runge-Kutta:

: At
¢n+1/2 = (”n +E f(tn’wn)
¢T1+1 = ¢n + At f (tn+1/2’¢;+1/2)
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Numerically estimating zero-crossings

I_Tinear interpolation (regula falg)
J(x)

3

o _ X0/ (x) = X1 f(xo)
2 flx) —f(xo)

(use recursively)

)

Method of Newton-Raphson 0 L
|

4 oy —-
/ Xy =Xy —f(x9)/f(x1)
Xpt+1 =X —f(xk)/f’(xk]
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Jacobian

« The general definition of the Jacobian for n functions of n
variables is the following set of partial derivatives:

of,  of, o,
e o
o(f, f,...f) (9 o 0O
O(X, X554, X.) 0% 0% X,
of of  of
ox, 0x,  0x

* In CFD, the shear stress tensor S; = dU/ dx; is also called “the
Jacobian.”



Jacobilan - continued

The Jacobian can be used to calculate derivatives from a function
In one coordinate sytem from the derivatives of that same
function in another coordinate system.

Equations u=f(x,y), v=g(X,y), then x and y can be determined as
functions of u and v (possessing first partial derivatives) as

follows: u=f(xy), f,=of /oy, f =0f /ox
v=9(Xy); 9,=0g9/0x; g, =0g/dy
ox_ g, oy _ —Q,
ou |f, f, ou |[f, f,
g, 9, 9, 9,

With similar functions for x, and y,,.

The determinants in the denominators are examples of the use of

Jacobians.
28



Eigenvalues

If an equation with an adjustable parameter has non-trivial
solutions only for specific values of that parameter, those values
are called the eigenvalues and the corresponding function the
eigenfunction.

If a differential equation with an adjustable parameter only has a
solution for certain values of that parameter, those values are
called the eigenvalues of the differential equation.

For an nxn matrix A, for the equation Az = Az, then z is an
eigenvector and A is an eigenvalue.

* The eigenvalues are the n roots of the characteristic equation

det(Al-A) = Am+p, A+, +p, =0

(AlI-A) is the characteristic matrix of A.
The polynomial is called the characteristic polynomial of A.
The product of all the eigenvalues of A is equal to det A.
The sum of all the eigenvalues is equal to tr A.
The matrix is singular if at least one eigenvalue is zero. 29



Taylor series

Let f(x) have continuous derivatives up to the (n+1)storder in
some interval containing the point a. Then:

F0=f@)+ D (x—a)+ D (x-a) 4. D gy
1 2 n

30



Error function

The error function is defined as:

2 zZ_ -2
ﬁjoe dt

Complemerdry error function: erfc(z) = 1-erf(2)

Error function: erf(z) =

It is the integral of the Gaussian (“normal”) distribution. It is
usually calculated from series expansions.

Properties are: erf(0) = 0
erf(o) =1
erf(z) = —erf(-2)
derf(2) _ 2

" ﬁexp(— zz)

31



Permutation symbol

» The permutation symbol g resembles a third-order tensor.

* |f the number of transpositions required to bring k, m, and n in the
form 1, 2, 3is even then g, =1.

 If the number of transpositions required to bring k, m, and n in the
form 1, 2, 3 is odd then g =-1.

n
» Otherwise g =0.

e Thus:
elZ3 — e231 — e312 — 1

€3 =651 =63 = -1
all otherelementsre zero

 Instead of g ,the permutation symbol is also often written as g,

32



Correlation functions

e Continuous signals.

* Let x(t) and y(t) be two signals. Then the correlation function @, (t) is
defined as: 00

@, (t) = [x(t+1)y(r)dr

—00

» The function @, (t) is usually referred to as the autocorrelation function
of the signal, while the function @, (t) is usually called the cross-
correlation function.

* Discrete time series.

» Let x[n] and y[n] be two real-valued discrete-time signals. The
autocorrelation function @, [n] of x[n] is defined as:

@ [n] = 2 Xm+n]xm]
m=—oo
 The cross-correlation function is defined as:

g, n] = S xm+n]y[ni

m=—oo
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Fourier transforms

Fourier transforms are used to decompose a signal into a sum of
complex exponentials (i.e. sinusoidal signals) at different
frequencies.

The general formis:  x(t) = 2i TX(w) e€“dw
TT
X(w) = [x(t)e ™ “dw

X(w) is the Fourier transform of x(t). It is also called the spectrum
because it shows the amplitude (“energy”) associated with each
frequency w present in the signal. X(w) is a complex function with
real and imaginary parts. The magnitude |X(w)| is also called the
power spectrum.

Slightly different forms exist for continuous, discrete, periodic, and

aperiodic signals.
34



